We study two (4 + n)-dimensional branes embedded in (5 + n)-dimensional spacetime. Using the gradient expansion approximation, we find that the effective theory is described by the (4 + n)-dimensional scalar-tensor gravity with a specific coupling function. Based on this theory we investigate the Kaluza-Klein two brane worlds cosmology at low energy. We study in both the static and the non-static internal dimensions. In the static case the effective gravitational constant in the induced Friedmann equation depends on the equations of state of the brane matters and the dark radiation term naturally appear. In the non-static case we take a relation between the external and internal scale factors of the form b(t) = a γ (t) in which the brane world evolves with two scale factors. In this case, the induced Friedmann equation on the brane is modified in the effective gravitational constant and the term proportional to a −4β . For dark radiation, we find γ = −2/(1+n). Finally, we discuss the issue of conformal frames which naturally arises with scalar-tensor theories. We find that the static internal dimensions in the Jordan frame may become non-static in the Einstein frame.
I. INTRODUCTION
One of the most interesting and surprising aspects of the string theory or M-theory is the fact that it can only be correctly formulated in a higher dimensional spacetime. On the other hand, our observed Universe is a fourdimensional spacetime. Therefore we need a mechanism of compactification of the extra dimensions, so that they become invisible at least at low energy scales. Moreover, investigations of non-perturbative string theory has lead to the discovery that string theory must contain higher dimensional extended objects called branes. The existence of these branes has inspired a new method of compactification of extra dimensions, so that they become invisible at least at low energy scales. Previously the preferred method was Kaluza-Klein compactification, in which the extra dimensions are compact and extremely small. This method of compactification has further inspired a class of classical models of the universe, in which extra dimensions can be included in general relativity, and their possible implications for classical cosmology can be investigated phenomenologically without any dependence on a particular model of string theory. This is known as the brane world scenario, in which the standard particles or fields are confined to a brane, while the graviton can propagates into the bulk as well as into the brane. Much efforts to reveal cosmology on the brane have been done in the context of five-dimensional spacetime, especially after the stimulating proposals by Randall and Sundrum (RS) [1, 2] . In this model, a five-dimensional realization of the Horava-Witten solution [3] , the hierarchy problem can be solved by introducing an appropriated exponential warp factor in the metric. The various properties and characteristics of the RS model have been extensively analyzed: the cosmology framework [4] [5] [6] [7] [8] , the low energy effective theory [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , black hole physics [21] [22] [23] [24] [25] [26] , the Lorentz violation [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , etc. However, the RS model with codimension one brane world is insufficient to reconcile a higher-dimensional theory with the observed four-dimensional spacetime as suggested by string theory.
Recently, the hybrid construction of the Kaluza-Klein and brane world compactifications, i.e., a Kaluza-Klein compactifications on the brane has been investigated [38] [39] [40] [41] [42] [43] [44] [45] . Such a way of construction is called Kaluza-Klein brane world. A basic equation for the study of KaluzaKlein brane worlds in which some dimensions on the brane are compactified or for a regularization scheme for a higher codimension brane world was derived by Yamauchi and Sasaki [43] . To analyzes the Kaluza-Klein cosmology some authors have used the Shiromizu-MaedaSasaki equation [4] or solving the bulk geometry. However, it difficult to solve the bulk geometry in most cases.
In this paper, our main purpose is to study a low energy two brane cosmological models in higherdimensional spacetime. We generalize the case fourdimensional two brane models to (4 + n)-dimensional two brane models where n represents internal dimensions of the brane. We derive the effective equations of motion for higher-dimensional two brane model using a low energy expansion method [13] . This perturbative method solves the full (5 + n)-dimensional equations of motion using an approximation and after imposing the junction conditions, one obtains the (4 + n)-dimensional effective equations of motion. The effective equations can be solved without knowing the bulk geometry. Based on this theory we discuss the cosmology two brane models at low energy. We study in both the static and the non-static internal dimensions. This paper is organized as follows. In section II, we study a higher braneworld model in a (5+n)-dimensional spacetime bulk with a cosmological constant. We solve the (5 + n)-dimensional Einstein equations at the low energy using the gradient expansion approximation. We see the effective theory is described by the (4 + n)-dimensional quasi-scalar-tensor gravity with a specific coupling function. In section III, the Kaluza-Klein two brane worlds cosmology are presented. We derive the effective Friedmann equations both in the static and nonstatic internal dimensions. Section IV is devoted to the conclusions. In Appendix A, we present detailed calculations.
II. LOW ENERGY EFFECTIVE THEORY FOR HIGHER-DIMENSIONAL TWO BRANE WORLDS
In this section, we derive the low energy effective theory for higher-dimensional two branes system solving the bulk geometry formally in the gradient expansion approximation developed by Kanno and Soda [13] (see also [12] ). We consider that the two branes represent a (4+n)-dimensional spacetime embedded in a (5+n)-dimensional spacetime. We assume that there is no matter in the bulk and the energy-momentum tensor of the bulk is proportional to the (5 + n)-dimensional cosmological constant, −2Λ 5+n = (4 + n)(3 + n)/l 2 . Then the higher dimensional braneworld model is described by the action
where R, g ibrane µν , l and κ 2 are the (5 + n)-dimensional scalar curvature, the induced metric on branes, the scale of the bulk curvature radius and the gravitational constant in (5 + n)-dimensions, respectively. Because we will consider the matter terms in (1), the branes will not in general be flat. Consequently we cannot put both branes at y = 0 and y = l and use Gaussian normal coordinates. Therefore, we use the following coordinate system to describe the geometry of the brane model,
The proper distance between A-brane and B-brane with fixed x coordinates can be written as
The extrinsic curvature is defined as
In the coordinate system (2) and using the extrinsic curvature (4), we can write down the components of the Einstein equations in (5 + n)-dimensions as
where
is the (4+n)-dimensional Einstein tensor and ∇ µ denotes the covariant derivative with respect to the metric g µν . T µ ν is the energy momentum tensor of the brane matter other than the tension. The junction conditions are obtained by collecting together the terms in field equations which contain a δ-function, then we obtain
Note that the junction conditions constrain the induced metrics on both branes, they naturally give rise to the effective equations of motion for the gravity on the branes. In order to solve the bulk field equations, we use the gradient expansion scheme. The basic idea of the approximation is the assumption that the energy density of matter ρ on the brane is smaller than the brane tension σ. Equivalently, the bulk curvature scale l is much smaller than the characteristic length scale of the curvature L on the brane. Then, the small expansion parameter is given by ǫ = (l/L) 2 ≪ 1. This allows us to expand the metric in perturbative series starting from the induced metric on the A-brane h µν as the first term
where the boundary conditions on the A-brane are given by
For the extrinsic curvature tensor we expand it as
Applying the above scheme (see Appendix A for more detailed), we write down the (4+n)-dimensional effective Einstein equations on the branes in closed form, subject to the low energy expansion as follows
where the A-brane metric is defined as h µν ≡ g . The terms proportional to χ µ ν are (5 + n)-dimensional Weyl tensor contributions, which describe the non-local (5+n)-dimensional effect.
A. Effective theory on A-brane
Eliminating χ µ ν from equations (13) and (14), the (4 + n)-dimensional field equations on the A-brane can be written as
where | denotes the covariant derivative with respect to the A-brane metric h µν and the new scalar field Ψ = 1 − Ω 2+n . The coupling function ω A is defined as
We can also determine χ µ ν by eliminating G µ ν from equations (13) and (14) . Then, we obtain
Note that χ µ ν is expressed through the quantities on the branes, χ (17) leads to an equation of motion for the scalar field Ψ,
where we have taken Eq. (16) into account. The conservation laws for A-brane and B-brane matter with respect to the A-brane metric h µν are given by
(19) One can see that equations (15) and (19) do not include the term χ µ ν , but they include the energy momentum tensor of the B-brane. For this reason Kanno and Soda called this theory "quasi-scalar-tensor" gravity.
The effective action on A-brane can be derived from the original (5 + n)-dimensional action by substituting the solution of the equations of motion in the bulk and integrating out over the bulk coordinate. Up to the first order, we obtain the effective action for A-brane as,
Notice that the action (20) represents the action of the general (4 + n)-dimensional scalar-tensor theory with a specific form of the coupling function (16) and an extra matter term from the B-brane.
B. Effective theory on B-brane
To obtain the effective equations of motion on the Bbrane, we simply reverse the role of the A-brane and that of the B-brane. Solving equation (14) for G µ ν (f ), the (4 + n)-dimensional field equations on the B-brane can be written as
where ; denotes the covariant derivative with respect to the B-brane metric f µν and Φ = Ω −(2+n) − 1. Here, the coupling function ω B is defined as
The equations of motion for the scalar field Φ becomes
The conservation laws of the A-brane and B-brane matter with respect to the B-brane metric f µν are as follows
Finally, the corresponding effective action for B-brane is
In the derivation of equations of motion above we first to know the dynamics on one brane. Then we know the gravity on the other branes. Therefore, the dynamics on both branes are not independent. The transformation rules for scalar radion and the metric in (4 + n)-dimensions are given by
g B−brane µν
The bulk metric is determined if we know the energy momentum tensors on both branes, the induced metric on A-brane, and the scalar field Ψ. Since (4+n)-dimensional fields allow us to construct the (5 + n)-dimensional bulk geometry, the quasi-scalar-tensor theory works as a holographic at low energy.
In the following section, for the realization at the first order expansion, we study the cosmological consequences of the model. We solve the effective equations without knowing the bulk geometry. Then, we can determine the Friedman equation on the brane. Here we focus on the positive tension brane, A-brane.
III.
KALUZA-KLEIN TWO BRANE WORLDS COSMOLOGY AT LOW ENERGY
A. Effective Friedmann equation
In this section, we discuss the cosmological consequences of the higher-dimensional brane worlds. We take the induced metric on A-brane of the form
where δ ij represents the metric of three-dimensional ordinary spaces with the spatial coordinates x i (i = 1, 2, 3), while δ αβ represents the metric of n-dimensional compact spaces with the coordinates z α (α = 1, . . . , n). The scale factor b denotes the size of the internal dimensions, while the scale factor a is the usual scale factor for the external space. We choose the energy momentum tensors of the A-brane and B-brane of the following form
where ρ i is the energy density, P i the external pressure and Q i the internal pressure, i = A, B. The Ω 2 factor results from the fact that the B-brane metric is f µν = Ω 2 h µν . The symmetries imply that Ψ only depends on time.
Using the metric (28) and the energy momentum tensors (29) , (30) in the effective Einstein equations (15), one finds
where we have defined the Hubble parameters H a =ȧ/a and H b =ḃ/b and
In the case n = 0, the above equations reduce to fivedimensional brane world. For n = 0, Ψ = 1,Ψ = 0, the above equations reduce to the general relativistic FLRW equations with barotropic perfect fluid. The equation of motion for the scalar field Ψ is
In addition, the conservation laws for the matter with respect to the A-brane metric (19) are given bẏ
Substituting equation (35) into equations (32) and (33), respectively, and assuming the matter distribution on the branes are given by the equations of state P i = w i ρ i and
. Equations (32) and (33) reduce to
From equations (31), (38) , and (39), we eliminateΨ 2 term to obtain
. (41) Combining equations (40) and (41) we get the dynamical equation for Hubble parameters in (4 + n)-dimensions,
The conservation laws reduce tȯ
In general, equation (42) is a second order differential equation for scale factor a(t) and b(t). In the case 4-dimensional braneworld (n = 0), equation (42) can be solved analytically, and this results in the Friedmann equation on the brane with the dark radiation term as an integration constant. In our case equation (42) cannot be integrated analytically and therefore, the usual form of the Friedmann equation on the brane cannot be extracted. In the following two subsections we consider two cases: static and non-static internal dimensions.
B. Friedmann equation with static internal dimensions
In the case of static internal extra dimensions, the dynamical of the A-brane is described by the following equations
.
Here we have assumed that the compact dimensions are stabilized, b(t) = 1 [44] . We see that the above equations do not contain any additional term compared with fivedimensional brane world cosmology. However, the differences from the usual two brane models are concealed in the gravitational constant and also in the form of the constraint equation (45) .
The conservation laws for the matter with respect to the A-brane metric reduce tȯ
and we obtain
A relation between the energy densities on both branes can obtained by eliminating a,
In the case w A = 1/3, leaving v A as a free parameter and using the matter conservation equation (48) we can write (46) as
Then, we obtain an expression for the effective Hubble parameter on A-brane as
where C is is an integration constant which can be interpreted as dark radiation. We have defined the effective gravitational constant
For w A < 1/3, nv A < 1 − 3w A and w A > 1/3, nv A > 1−3w A , the effective gravitational constant becomes positive.
In the case of radiation dominated universe, w A = 1/3, we haveḢ
Using the matter conservation equation, we can write equation (56) as
and giving
where K is an integration constant which can be redefined as a sum of the initial value of radiative matter density and initial value of the dark radiation density C. Then equation (58) becomes
where a * is a constant corresponding to the dark radiation component C. Defining the effective gravitational constant
then we have the effective Friedmann equation (54). As expected the expression for the effective Friedmann equation on A-brane coincide with the Kaluza-Klein brane world cosmology with one brane model in the low energy approximation where the term of quadratic energy density is neglected [44] . In contrast to the usual fourdimensional two-brane model, the effective gravitational constant depends on the equation of state and the external scale factor explicitly, and may becomes positive or negative.
C. Friedmann equation with non-static internal dimensions
Let us now consider the case of non-static internal dimensions, in which the brane world evolves with two scale factors. We take a simple relation between the scale factors on A-brane of the form
where γ is a constant. For the internal scale factor b(t) to be small compared to the external scale factor a(t), the constant γ should be negative.
For non-static internal dimensions, the dynamical of A-brane is described by the following equations
The conservation laws becomė
Using the matter conservation equation (65),
and so we can write equation (63) as
Then the effective Friedmann equation for non-static internal dimensions on A-brane is given by
where C is a constant of integration and we have defined the effective gravitational constant as follows
(71) Notice that for n = 3 and non-static internal dimensions, the setup is symmetric under the exchange of internal and external pressures (w i ↔ v i ), and a(t) ↔ b(t).
The above results also include the well-known five dimensional brane world, corresponding to n = 0 and for which β = 1, G ef f = G. For γ = 0 the above results reduce to the static internal dimensions. If γ = 1, the scale factor b(t) is related to a(t) as b(t) = a(t), we obtain the Friedmann equation of the generalized RandallSundrum model in (5+n) dimensions describing a (4+n)-dimensional universe.
where the effective gravitational constant is now given by
In the case n = 0, the above Friedmann equation reduces to usual Friedmann equation on four-dimensional brane. Leaving β as a free parameter, we can solve equation (69) for γ. We obtain
The negative values of γ indicate that the internal scale factor b(t) to be small compared to the external scale factor a(t). Taking β = 1 such that the second term of Friedmann equation (70) contributes the "dark" radiation, we have
where γ = 0 corresponds to the static internal dimensions. Therefore, the "dark" radiation component in the Friedmann equation can be also realized in the KaluzaKlein brane worlds with non-static internal dimensions.
D. Hubble parameters in conformal frames
The action on A-brane is written in the Jordan frame, for which the gravitational sector has a non-canonical form. We can, however, perform a conformal transformation to the Einstein frame:h µν = Ψ 2/(2+n) h µν . In the Einstein frame, the metric (28) is
and the Hubble parameters satisfỹ
whereH a =ã −1 (dã/dt) andH b =b −1 (db/dt). One can see that the static internal dimensions (in the Jordan frame) may becomes dynamics in the Einstein frame. In this case we have,
In the case b(t) = a γ (t), we havẽ
Dynamics of the Hubble parameters H a and H b in the Jordan frame are also dynamics in the Einstein frame.
IV. CONCLUSION
In this paper we have derived the low energy effective equations for the higher-dimensional two brane models by using gradient expansion approximation. As expected, the effective theory is described by the (4 + n)-dimensional quasi-scalar-tensor gravity with a specific coupling function. The presented effective equations can be used as the basic equations for the higher-dimensional two brane worlds cosmology, in which some spatial dimensions on the brane are Kaluza-Klein compactified.
We can see already from the Friedmann equations that the Kaluza-Klein brane world can be realized at low energies. Due to their complicated structure the field equations appearing in the theories are very difficult to solve analytically, we have restricted our discussions with the special cases: static internal dimensions and non-static internal dimensions where a relation between the external and internal scale factors is given by b(t) = a γ (t). In the static internal dimensions γ = 0, our results coincide with the Kaluza-Klein brane world cosmology with one brane model in the low energy approximation where the term of quadratic energy density is neglected [44] . In the non-static internal dimensions, the induced Friedmann equation on the brane is modified in the effective gravitational constant and the term proportional to a −4β .
Another important result of this work is the dynamics of the internal Hubble parameter in conformal frames. Both the static and non-static internal dimensions in the Jordan frame are always dynamics in the Eintein frame. However, the physical interpretation and equivalence of these two frames is a problem in the case of static internal dimensions in the Jordan frame. We plan to investigate the correspondence between the Jordan and the Einstein frame description, including the dynamical of scalar field.
